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Abstract. We give a relation between the existence of a Zariski decomposition 
and the behavior of the restricted volumes of a big divisor on a smooth complex 
projective variety. Moreover we give the formula expressing a restricted volume 
with current integration by using analytic methods. This implies that we can de- 
fine the restricted volume of a transcendental class on a compact Kahler manifold 
in natural way. The similar relation can be extended to a transcendental class. 



1. Introduction 



< 

In this paper, X denotes a smooth complex projective variety of dimension n, D 
a (big) divisor on X and ^Clan irreducible subvariety of dimension d. Then the 
restricted volume of D along V is defined to be 

dimlmf H°(X,O x (kD)) —> H°(V,O v (kD) 
>: vol„,P)=limsup ^ . 

Roughly speaking restricted volumes measure the number of sections of Oy{kD) 
which can be extended to X. Restricted volumes have many applications in various 
situations. They are studied in [ELMNP], [BFJ09] and so on. 

On the other hand, it is important problem when D admits a Zariski decomposi- 
tion. Here D is said to admit a Zariski decomposition if there exist a nef M-divisor 
P and an effective R-divisor N such that following map is an isomorphism for every 
integer k > 0: 

H°(X,O x ([kP\))^H°(X,O x (kD)). 

The map is multipling the section e^, where e^ is the standard section of the effective 
divisor \kN]. Here [G\ (resp. \G~\) denotes round down (resp. round up) of an 
M.- divisor G. 

Assume V is not contained in M + (D). Here M + (D) denotes the augmented base 
locus of D. It is the closed analytic set in X, which is the defect of D to be ample. 
Then the restricted volume vo\x\v{') along V depends only on the first Chern class 
(the numerical class) of D. One ask whether the restricted volume vo\x\D of D 
depends only on the numerical class of V. [BFJ09] shows the question is affirmative 
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when the codimension of V is one. In this paper, we give a necessary and sufficient 
condition for D, that the restricted volume of D depends only on the numerical class 
of V . The condition is related to the existence of a Zariski decomposition of D as 
follows: 

Theorem 1.1. Assume that D is big. The following two conditions are equivalent. 

(1) D admits a Zariski decomposition. 

(2) volx\v{D) = vol x < V >(D) holds for any pair of subvarieties V and V of X 
such that V ~ V and V, V' % !+(£>). 

When V and V are numerically equivalent, we write V ~ V . Roughly speaking, 
the condition (2) claims that the restricted volume volx\.(D) of D is determined only 
by the numerical class of V. Theorem 11.11 implies that the restricted volumes along 
some numerically equivalent subvarieties V and V can be different when D does 
not admit a Zariski decomposition. Such example is given by so-called Cutkosky 
construction. 

When V is the ambient space X, the restricted volume of D is the usual volume 
volx(-D) of D. The usual volume has been studied by several authors. The general 
theory is presented in detail and with full references in |La04j . Boucksom expressed 
the usual volume volx(-D) by current integration, using the Calabi-Yau technique 
to solve Monge- Ampere equations and the singular holomorphic Morse inequalities 
(see |Bou02j ) . In other words, Boucksom expressed the volume of D in terms of 
only the first Chern class c\(D). 

Restricted volumes along V depend only on the first Chern class c\{D) if V is not 
contained in the augmented base locus M + (D) of D. Then Boucksom's formula can 
be extended to restricted volumes as follows: 

Theorem 1.2. Assume that V is not contained in the augmented base locus M + (D). 
Then the restricted volume of D along V satisfies the following equality: 



vol x \v(D) = sup / (T| 

Teci(D) JVr^ 



V TC g I ac i 
Teci(D),' 



for T ranging among a positive (1, l)-current with analytic singularities whose sin- 
gular locus does not contain V . 

Here T\ Vrcs denotes the restriction of T to the regular locus V reg of V and (T|y reg ) ac 
denotes the absolutely continuous part (see subsection 2.4). Moreover we can express 
the restricted volumes with non-pluripolar product, which is introduced in [BEGZ] . 
Theorem 11.21 implies that we can define the restricted volume of a transcendental 
class on a compact Kahler manifold in natural way. 

Definition 1.3. Let V be an irreducible variety of dimension d on a compact Kahler 
manifold M and a the class in H 1 ' 1 (M, R). Assume that V is not contained in the 
non-Kahler locus E n K{ct). Then the restricted volume of a along V is defined to be 



V0l M |y(a) = SUp / (T|y rcg ) 
Tea JVrcg 



d 

ac ! 
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for T ranging among a positive (1, l)-current with analytic singularities and the 
singular locus of T does not contain V. 

Here the non-Kahler locus is analytic counter part of the augmented base locus. 
When a is the Chern class of some divisor D, the non-Kahler locus E n K{ct) coincides 
with the augmented base locus M + (D). For this extended definition, the properties 
of usual restricted volumes hold. For example, the continuity, log concavity, Fujita's 
approximations and so on (see subsection 4.2). Moreover the analogue of Theorem 
1.1 holds for this extended definition as follows. The principle of the proof is essen- 
tially same as Theorem 1.1. The proof gives another proof of Theorem 1.1 by using 
analytic methods (see subsection 4.3). 

Theorem 1.4. Let a be a big class in H 1 ' 1 (X,M.). Then the following two conditions 
are equivalent. 

(1) a admits a Zariski decomposition. 

(2) vo\x\v( a ) — v °ljc|y'( a ) holds for any pair of subvarieties V andV of X such 
that V, V defines the same cohomology class and V, V % E n K{ct). 

Here the Zariski decomposition of a class a is defined by divisorial Zariski decom- 
positions introduced in |Bou04j (see subsection 2.7). When a is the first Chern class 
of some divisor, the Zariski decomposition of a correspond with that of the divisor. 

Remark 1.5. The class a is not always contained in the Neron-Severi group. There- 
fore Theorem 11.41 is essentially stronger statement than Theorem 11.11 

In the proof of Theorem 1.1 and 1.4, to consider the restricted base locus of a 
divisor is important. The restricted base locus M_(D) of D is a countable union 
of closed analytic set, which is the defect of D to be nef. In section 5, we accurize 
the simplest version of Kawamata-Viehweg vanishing theorem in response to the 
dimension of the restricted base locus. This proof is essentially to use Kawamata- 
Viehweg vanishing theorem (see |Ka82j . |Vie82j ). A divisor D is said to be nef in 
codimension k if the codimension of non-nef locus greater than k. 

Theorem 1.6. Assume that D is nef in codimension k and big. Then 
H q (X,O x (K x + D))=0 for any q > n - k. 

Remark 1.7. Note D is nef in codimension n — 1 if and only if D is nef. Then 
Theorem 11.61 implies H q (X,Ox(Kx + D)) = (q > 1). This is the simplest 
version of Kawamata-Viehweg vanishing theorem. 

This theorem can be generalized by using the generalized numerical Kodaira di- 
mension v{D) of D, which is introduced in [BDPP] . Theorem 11.61 implies an asymp- 
totic estimate of higher cohomology as follows: 

Corollary 1.8. Let E be an arbitrary divisor on X . Assume that D is nef in 
codimension k. Then the following estimate holds for q > n — k as £ — > oo: 

dimH q {X, O x {E + £D)) = 0(t~ q ). 
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This estimate is similar to |Ku06t Proposition 2.15]. Corollary II .81 and asymptotic 
Riemann-Roch formula shows that the inequality volx\x{D) > D n holds when D 
nef in codimension n — 2. In particular, then D is big when the self-intersection 
number D n is positive. In the case that X is surface, this fact is well-known. 

Acknowledgment. The author is very grateful to his supervisor Prof. Shigeharu 
Takayama for valuable comments and various suggestion. He is indebted to Dr. 
Tomoyuki Hisamoto for stimulating discussions. 

2. Terminology 

2.1. Currents. Let M be a compact Kahler manifold in this section. Then H P ' P (M, C) 
is identified with the quotient of the space of enclosed (p, p)-currents modulo the dd c - 
exact currents. For our purpose the case of p = 1 is important. A enclosed almost 
positive (1, l)-current T is said to have analytic (resp. algebraic) singularities (along 

a subscheme V(X) defined by an ideal sheaf X), if its potential function (p can be 
locally written as 

ip= C -\og{\h\ 2 + ... + \f k \ 2 )+v 

for some c G M>o (resp. c G Q>o), where /i, . . . , /& are local generators of X and v 
is a smooth function. (Refer to |Dem] for details.) 

2.2. Pull-back of (1, l)-current. We can handle (1, l)-currents easier than high 
degree currents. For example we can define the pull-back of a enclosed (1, l)-current. 
Let / : Z — > M be a holomorphic map between complex manifolds. Assume that 
the image of Z by / is not contained in the polar set of T. Let T = 9 + dd c ip be a 
enclosed (1, l)-current in the class a G H X,1 {M, R). Here 9 is a smooth (1, l)-form 
in the class a and ip is a L 1 -function on M. Then the pullback of T is defined to be 
f*T := f*9 + dd c f*(p by using the potential ip of T. In particular, we can restrict a 
c?-closed (1, l)-current to any submanifold which is not contained in the polar set. 

2.3. Multiplier ideal sheaves and Skoda's lemma. In this paper, multiplier 
ideal sheaves is used. We denote by J7"(||A;£)||) the asymptotic multiplier ideal sheaves 
associated to a divisor kD and by X{kT) the multiplier ideal sheaves associated to a 
(i-closed current kT. We can refer to [DELOO], [Demj for more details. The Skoda's 
Lemma implies that a multiplier ideal sheaf is estimated by the Lelong numbers (see 
[Demt Lemme 6.6]). 

Lemma 2.1. [Skoda's Lemma] (a) If u(T,x) < 1, then e~ 2{p is integrable in a 
neighborhood of x. In particular I(T) MjX = Om,x- 

(b) // v(T,x) > n + s for some positive integer s, then e~ 2{p > C\z — x\~ 2n ~ 2s in 
a neighborhood of x. In particular X(T)m, x Q M^j, where M.m,x is the maximal 
ideal of Ou,x- 
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2.4. Lebesgue decompositions. We can always locally see a positive current T as 
the differential form with positive measure coefficients. A positive measure admits 
a Lebesgue decomposition into the absolutely continuous part and the singular part 
with respect to the Lesbegue measure. This decomposition is local. However we can 
globally glue the absolutely continuous part and the singular part by the uniqueness 
of a Lebesgue decomposition. So we obtain the docomposition T = T ac + T sing , 
where T ac is the form with L^-function coefficients. Then we have T ac > 7 when 
T > 7 for some smooth form 7. In particular the absolutely continuous part T ac is 
positive, when T is a positive current. Note that T ac is not d-closed in general even 
if T is o?-closed. Then we can define the wedge T^ c almost everywhere since T ac is a 
positive form with L] oc - function coefficients (Refer to |Bou02j for more details). 

2.5. Approximations of currents. Fix a Kahler form cu on M. Let T = 9 + dd c <p 
be a (1, l)-current in the class a G H 1,l (M, R), where 9 is a smooth (1, l)-form 
in the class a. We assume that T > 7 holds for a smooth form 7. Then we can 
approximate T by smooth forms in the following sense: 

Theorem 2.2. [Dem82t THEOREME9.1] There exist a decreasing sequence of 
smooth functions ipi- converging to if such that if we set Tj, = 9 + dd c ipk G a, we 
have 

(a) Tfc — > T weakly and Tk — > T ac almost everywhere . 

(b) Tk > 7 — CXkOJ, where C is a positive constant depending on (M, u) only, 
and Xk is a decreasing sequences of continuous functions such that A& \ u(T, x) for 
all x G M. 

Roughly speaking Theorem 12.21 says that it is possible to smooth a given current 
T insides the class a, but only with the loss of positivity controled by the Lelong 
numbers of T. By the proof of Theorem 12.21 in [Dem82j, we can add the following 
property (d). 

(c) When T is smooth on some neighborhood of xq G M , Tk — > T ac is a pointwise 
convergence on some neighborhood of xq. 

The following theorem says that it is possible to approximate a given current T with 
currents with analytic singularities without the loss of positivity. 

Theorem 2.3. [Dem92j . [Bou02, Theorem 2.4] There exists a decreasing sequence 
of functions tfk with analytic singularities converging to ip such that if we set Tk = 
9 + dd c ifk G a, we have 

(a') Tk — > T weakly and Tfc >ac — > T ac almost everywhere. 

(b') Tk > 7 — EkU, where Ek is a positive number converging to zero. 

(c ; ) The Lelong number u(Tj.,x) increase to v(T,x) uniformly with respect to 
x G M. 

In the proof of |Bou02t Theorem 2.4], the convergence Tfc ac — > T ac in (a') is 
proved only from the property (a) in Theorem 2.2. Therefore we can add the fol- 
lowing property (d') from the property (c). 
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(d') When T is smooth on some neighborhood of xq G M, Tk — > T ac is pointwise 
convergence on some neighborhood of Xq. 
This consideration shows the following corollary. 

Corollary 2.4. Assume that T has analytic singularities whose polar set does not 
contain a closed analytic set V . Then Tk in Theorem 2.3 satisfies the following: 

( T fc|y rcg ) ac — ► CHOac f or almost P° int in ^eg- 

2.6. Restricted volumes and properties. For simplicity, we denote by H°(X\V, Ox{D)) 

H°(X\V,O x (D)) :=Tm(H°(X,O x (D)) — ► #°(V,CV(£>))). 

The restricted volume of D along V is defined to be 

, , m ,. dimH«(X\V,O x (D)) 
,01 XIV (D) = bmsup ^ . 

Note that when V is the ambient space X, the restricted volume of D is the usual 
volume. When V is not contained in M + (D), many results for usual volumes are 
extended to restricted volumes. In this paper, we refer the basic properties of 
restricted volumes to [ELMNP]. Here ~B + (D) (resp. B_(Z?)) means the augmented 
base locus (resp. the restricted base locus) of D (see JELMNP2] , |ELMNP3j ). The 
non-Kahler locus E n K(ot) (resp. non-nef locus E nn (a)) of a class a in H 1,X (X, R) 
is the analytic counter part of the augmented base locus (resp. restricted base 
locus) (see |Bou04j ). When a is the first Chern class C\(D) of some divisor D, 
the the augmented base locus (resp. restricted base locus ) coincide with the non- 
Kahler locus (resp. the non-nef locus). If a is a big class, E nn (a) coincide with 
E + (T min ) := {x G X|z/(T min ,x) > 0}, where T min is a minimal singular current in a 
(see }Bou04t proposition 3.8]). 

2.7. Divisorial Zariski decomposition. In this subsection, we recall the defi- 
nition of divisorial Zariski decompositions. Divisorial Zariski decomposition for a 
big divisor coincides with a-decompositions. Divisorial Zariski decompositions are 
studied in |Bou04j and cr-decompositions are studied in |Nak] . 

Let a be a pseudo-effective class in H 1,1 (M, R). Then an effective M-divisor iV is 
defined as follows: 

N:= J2 "( T *nm,F)F, 

F: prime div 

where T m [ n is a minimal singular current in a. Here z/(T m ; n , F) is the Lelong number 
along F, which is defined by mi xeF i / (T rain ,x). The class P is defined by P := 
a — {N}. Here {iV} denotes the class of N. Then the decomposition a = P + {N} 
is said to be the divisorial Zariski decomposition of a. P is called the positive part 
and {iV} is called the negative part of a. In general the positive part P is nef in 
codimension 1. (that is, the codimension of the non-nef locus is greater than 1.) We 
say that a admits a Zariski decomposition if the positive part P is nef. If a is the 
class of some divisor, this definition coincides with that of the divisor (see section 
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1). For example if M is surface, any big class admits a Zariski decompoition (see 
|Bou04[ section 4]). By the construction of N, positive currents in a and positive 
currents in P are identified by the following correspondence: 

a 3 T i — >T-[N]eP. 

3. Restricted volumes and Zariski decompositions 

3.1. Positive parts and restricted volumes. The main purpose in this section is 
to prove Theorem 11.11 In this section, we assume D is big. We begin to prepare for 
the proof of Theorem 11.11 Consider the divisorial Zariski decomposition D = P + N 
of D. Since D is big, the divisorial Zariski decomposition coincide with the a- 
decomposition. Note that !+(£>) = B+(P) and Supp(iV) C !+(£>). The following 
proposition shows that the restricted volume of D can be computed by the positive 
part P. 

Proposition 3.1. Let W C X be an irreducible subvariety which is not contained 
in M + (D). Then the equality volx\w{D) = volx\w(P) holds. 

Remark 3.2. In general P is an M-divisor. Then volx\w{P) is defined by the limit 
of the restricted volumes of Q-divisors which converges to P in Neron-Severi group. 
By the continuity of restricted volumes ( |ELMNP| Theorem 5.2]), vo\x\w(P) does 
not depend on the choice of Q-divisors which converges to P. 

Proof. By the bigness of D, we can take an effective Q-divisor D with D ~q D . By 
multipling positive integer, we can assume that D is effective divisor. Since W is not 
contained in M + (D), we can assume W % Supp(D). Moreover W are not contained 
in Supp(iVUP), since Supp(iVUP) are contained in Supp(P). From |Bou04t Theo- 
rem 5.5], there exists a canonical isomorphism H°(X, Ox{\_kP\)) = H°(X, Ox{kD)) 
by multipling the section eu for a positive intger k, where e^ is the standard section 
of the effective divisor \kN~\ . We consider the following commutative diagram: 

H°(X,O x ([kP\)) -^ H°(X,O x (kD)) 



H°(W,O w ([kP\)) -^> H°(W,O w (kD)) 

f and g are the restriction maps. This diagram induces the map Im(/) — > Im(g). 
This map is surjective since the vertical map is an isomorphism. Moreover the map 
is injective since e^lw is a nonzero section from W % Supp(iV). So we have 

, {m y h°(X\W,O x ([kP\)) 
vol xlw (D) = hmsup m] . 

When P is a Q-divisor, Proposition 13.11 follows from this equation and the homo- 
geneity of restricted volumes ( |ELMNPl Lemma 2.2]). When P is an M-di visor, 
we can reduct to a Q-divisor by the continuity of restricted volumes. (Note that 
[kP\/k^P (fc-»oo).) □ 



8 SHIN-ICHI MATSUMURA 

Corollary 3.3. Let W C X be an irreducible subvariety of dimension d which is not 
contained in M + (D). When D admits a Zariski decomposition (that is, the positive 
part P is nef), the equality yo\ x \w{D) = (W ■ P d ) holds. 

Proof. By Theorem 13.11 we obtain \o\x\w{D) = volx\w(P)- Since P is nef, there 
exists ample Q-divisors P& such that Bk — > P in the Neron-Severi group. The 
Ampleness of B^ give volx\w{Bk) = (V • B d ). Therefore the continuity of restricted 
volumes shows 

\o\x\w{D) = volx\w(P) 

= lim vo\ x \w(B k ) 

k— >oo 

= lim (W-Bfy = (W-P d ). 

k— >oo 

D 

3.2. Proof of the main Theorem. In this subsection we complete the proof of 
Theorem 11.11 We take subvarieties V and V on X such that V ~ V and V, V % 
M + (D). Assume that D admits a Zariski decomposition. By Corollary 13.31 the 
restricted volume of D can be computed by the intersection number of the positive 
part. That is, vol x \v(D) = (V ■ P d ) and vo\ x \ v >{D) = (V' ■ P d ) holds. So V ~ V 
shows (V ■ D d ) = (V ■ D d ). Hence vo\ x \v(D) = vol xlv ,(D) holds if D admits a 
Zariski decomposition. 

Next we prove the converse direction. Assume the condition (2). Moreover we 
assume that P is not nef. Then the restricted base locus B_ (P) is not empty. Fix a 
very ample divisor A on X and an arbitrary point xo in B_(P). Then we can take 
irreducible smooth curves C and C with the following properties: 

(1) C and C are not contained in the augmented base locus B + (D). 

(2) C intersects with the restricted base locus B_(P) at x G X. 

(3) C does not intersect with the restricted base locus B_(P). 

(4) C and C are the complete intersections of the linear system of A. 

We can take such curves. Since the codimension of the restricted base locus 
B_(P) is greater than one, a very general complete intersection curve C satisfies 
the properties (1), (3) by Bertini's Theorem. (We can not take C which does not 
intersect M_(D) in general.) [Zha09t Theorem 2.5] assure that a general hyperplane 
passing through xq is irreducible and smooth. Therefore we can take a smooth curve 
C which satisfies the properties (1), (2). 

Now C and C are numerically equivalent since C and C are the complete inter- 
sections of the same linear system. So the equality volx|c(P) = yo ^x\c'(P) holds 
by the assumption and Theorem 13. 11 Therefore it is sufficient to prove the following 
claim for the contradiction to the assumption that B_(P) is not empty. 

Lemma 3.4. (A) vol X | C < (P) = (C' ■ P) ( = (C ■ P)) . 
(B) vol X |c(P)<(C-P). 
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Proof. For simplicity, we assume P is a Q-divisor. When P is an M-divisor, the 
similar argument give the same results by using continuity of restricted volumes. 
Fix a positive integer a such that aP is a Z-divisor. 

(A): Then from |ELMNP"| Theorem 2.13], the restricted volume of P can be com- 
puted as follows: 



vol x i C '(P) = limsup 



h°(C',O c/ (£aP)®j(\\£aP\\)\ c ,) 



£-^oo 



Since P is a big divisor, the restricted base locus of P equals to the set {x 6 
X | u(T m i n , x) > 0}, where T min is a minimal singular current in C\{P). So the Lelong 
number of every point x on C is zero by the property (3). This implies X + (£T min ) 
and X(£T min ) are trivial along C by Skoda's Lemma. This shows J7"(||£P||) is trivial 
along C by |DEL00[ Theorem 1.1]. Hence we obtain 

h\C\O c ,{laP)) 
vo h\c'( p ) = limsup . 

Since C is not contained in B(P), P is an ample divisor on C . By Riemann-Roch 
formula on compact Riemann surfaces, we have vol^i^P + Af.) = ((P + Ak) ■ C ). 
In fact, Riemann-Roch formula shows 

h°(Cf ,Oc>{iaPJ) =h 1 {C',O c ,(£aP)) + (iaP ■ C') -g + l, 

where g is a genus of C . By the ampleness of P, the first cohomology vanishes for 
sufficietly large £. So we obtain vo\ X i C >(P) = (P • C ). Therefore (A) in Lemma 3.4 
holds. 

(B): By the same argument of (A), we get the following equality: 



fc o (C,0 o (&P)®^(||*aP||)y 
voljfi c(P) = hmsup ^-, 

Now we estimate the asymptotic multiplier ideal by using Skoda's Lemma. First of 
all, we obtain J7"(||£P||) C X(kT m i n ) for every positive integer k from the minimal sin- 
gularity of T m in, where T min is a minimal singular current in ci(P). Since z/(T min , xq) 
is positive by the property (2), we can take a positive rational number p/q which is 
smaller than ^(T min , x ). So we obtain p£a < z/(g£aT min , x ). Skoda's Lemma implies 
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v(kqT m - m ) X0 C Ai^x™ ) where A^ xo ,x is the maximal ideal in 0;c ox . So we obtain 

, rpwr h°(C,Oc(taP)®M p J: x n +1 \g) 
vo\ x \c{P) < hmsup 

fe°(C,O c (faP)8>^gy +1 ) 
< lim sup 

k— >oo 'O 

/i° (C, C ( L^aPj - (pia -n + 1) [x ])) 
= hmsup — , 



where [xq] is a divisor on C defined by x$. By the same argument of (A), we obtain 
vol X \c(P)<(C-P)-p/q. D 

By the proof of Lemma 3.5 (B), the following corollary is proved. 

Corollary 3.5. Let C be an irreducible smooth curve. Assume that C is not con- 
tained in the augmented base locus of D Then the following inequality holds. 

VO\ X \c(D) < (C ■ D) - J2 K^min,x) 

xGCnB_(D) 

4. Expression of restricted volumes by current integration 

4.1. Proof of the expression formula. The main purpose of this subsection is to 
prove Theorerr J1.21 Before the proof of Theorem 11.2} we must show that the integral 
jy rcg ( T k cg )f c is always finite. 

Proposition 4.1. Let W be an irreducible subvariety of dimension d on a compact 
Kahler manifold Y and S a d-closed positive (1, l)-current on Y . Assume that the 
polar set of S does not contain W . Then the integral J w (S\w ies )t c is finite. 

Proof. Note the restriction S\w ICS is ci-closed positive. Hence the integral J w (S\w)tc 
is finite by [Bou02, Lemma2.11] when W is non-singular. Therefore it is enough to 
show the integral is finite when W has singularities. Let \x : W C X — y W O X be 
the embedded resolution of W C X. That is, (i : X — y X is a modification and the 
restriction \x : W — y W is the resolution of singularities of W . Then the following 
lemma assures Proposition 14.11 holds. In fact, JW; {{l^*S)\^) is finite, since W is 
non-singular. □ 



Lemma 4.2. 

d 

' ac 



/ 



(s\w<ji= L(0fS)\ w )\ 

Jw 



Proof. The map W y W is an isomorphism except some subvarieties. There- 
fore (p*S)\yf is identified with 5|vK rcg by [i on Zariski open set. ((jJ>*S)\yf\ and 
(S\wrc S ) are absolutely continuous with respect to the Lebesgue measure by the 
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definition. Hence we obtain j w (S\w iee )tc — fw ((a***^)!^) since a Zariski closed 
set is measure zero with respect to the Lebesgue measure . □ 

Proof of Theorem \1.2l ) (Stepl) First of all we show the inequality > in 
Theorem 11.21 by using the singular holomorphic Morse inequalities (see [Bon93]) 
and Proposition 14.41 Proposition 14.41 is proved in the end of this subsection. At first 
we consider the case when V is non-singular. For a positive (1, l)-current T with 
analytic singularities in the Chern class C\(D) whose singular locus does not contain 
V, we obtain the following inequality: 

, ._ ,. dim H°(V,O v (kD)®I(kT min )\ v ) 
vol x]v {D) = hmsup ¥JJ] 

dim H° (V, O v (kD) (8) X(fcT) \ v ) 

£ 1 ts p m 

dim H°(V,O v (kD) ®X{kT\ v )) 
> limsup udu\ ' 

Here T m ; n is a minimal singular current in ci(D). The first equality follows from 
Proposition 14.41 and the second inequality follows from the restriction formula. By 
using the singular holomorphic Morse inequality we have 

dim H°(y,O v (kD)®l(kT\ v )) 
vol x]v (D) > hmsup ¥JIl 

> / (T\v)t 
Jv 

Therefore when V is non-singular, Step 1 is proved. 

Next we consider the case when V has singularities. Then we consider the embed- 
ded resolution \i : V C X — > V C X. Note the augmented base locus of the pull 
back [i*D does not contain V since the restriction \x : V — > V is isomorphism at 
a generic point. Then by applying the singular holomorphic Morse inequality and 
restriction formula to fi*D, V and fi*T again, we obtain 



Jv 



By Lemma 14.11 and |ELMNP"| Lemma 6.7] shows the following lemma. By this 
lemma and the above inequalities, Step 1 is proved even if V has singularities. 

Lemma 4.3. 

(1) vol xlv (D)=vol xlv (^D) 

(2) /(T|Oi= L(^* T )\v)i 
Jv Jv 
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(Step2) We show the converse inequality < to complete the proof of Theorem 
11.21 By |ELMNP| Proposition 2.11], for an arbitrary number e > 0, we can find 
the modification tt £ : X £ — > X and the expression ir e *(D) = A £ + E £ such that 
(A s ■ V £ ) > vo\x\v(D) — e. Here A £ is an ample Q-divisor and E £ is an effective 
Q-divisor such that the proper transformation V £ is not contained in Supp(£' £ ). We 
express the intersection number (A £ d - V £ ) by current integration. Let u £ be a smooth 
positive (1, l)-form on X £ in the first Chern class c\{A e ). Since Supp(£' e ) does not 
contain V £ , we can restrict [E e ] to V £ . Since [E £ ] is a positive current, we obtain 



(A £ d -V £ )= [ ( We | v J 

< f {(u e + [E e ))\v.) 

{(veM+imivrji- 



ac 



The third equality follows from the property that tc £ is an isomorphism at a general 
point of V and the same argument of Lemma 14.21 

Since n £ is a modification, the push- forward 7r e ^(a; e + [E £ ]) is the positive current 
in the Chern class C\(D). However the push- forward may not have analytic sin- 
gularities. So we want to approximate the push-forward by positive currents with 
analytic singularities. When we use Theorem 12.31 the positivity of a current can be 
lost. Note (u £ + [E £ ]) is a Kahler current but the push-forward may not be a Kahler 
current. Hence we can not always take the sequence of approximation by positive 
currents. Now we consider the approximations of the push-forward n £:lf (uj £ + [E £ ]) 
after we change the current for the Kahler current. 

For simplicity we write T £ := Tt £if (uj £ + [E £ ]). Since V is not contained in the aug- 
mented base locus M + (D), we can take a Kahler current S with analytic singularities 
such that the pole does not contain in V. Fatou's Lemma assures 

vol xlv (D)-e<(A £ d -V £ ) 

= f Hmjni {(1 - 5)(T £ \ Vi J + SiSWJjl 

J VVeg 

<hW f {(1 - 6)(T e \ Vng ) + 8(S\ Vl J}l. 

J Vreg 

Hence there exists a sufficiently small Sq > with the following: 

voWD)-2e< f {(l-5 )(T £ \ v ) ac + 5o(S\ v ) ac } d . 



Note that (1 — So)T £ + 8qS is a Kahler current in c\(D). By applying the approxi- 
mation theorem (Theorem 2.3 and Corollary 2.4) to (1 — 5q)T £ + 5qS, we can take 
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positive currents {£4} fc=1 in c\(D) with the following properties. 

(1) Uk has an analytic singularities for every integer k. 

(2) (£4|y rcg )ac — y {(1 - S )T £ \ Vreg + 5oS\ Vrcg } ac for almost point in V^ eg 

(3) Uk is a positive current for a sufficiently large k 
The property (2) and Fatou's Lemma show 



wo\ x \ v {D)-2e< j {(l - 5 )(T £ \ Vi J ac + S (S\ Vl J ac } 



d 



liminf([7; 



k I V rcg J ac 
fe— >oo 

d 



<liminf / (U k \ Vlt 

k— )-00 /t/ 

t/ Vrce 



Therefore we have 

\d 



vol x]v {D) - 3e < f (U ko ^ 

JVrae 



JVr, 

'K-og 

for a sufficiently large fco- Since e is an arbitrary positive number and Uk is a 
positive current with analytic singularities in the Chern class C\(D) whose pole of 
Uk does not contain V. Hence Step 2 is finished. Theorem 11.21 is proved. 

□ 
In the end of this subsection, we prove the following proposition. It is the variation 
of jELMNPl Theorem 2.13]. 

Proposition 4.4. Under the assumption that V is not contained in M + (D), the 
following equality holds. 

, ._. ,. h°(V,O v (kD)®l(kT min )\ v ) 
vo\ x \v{D) = hmsup p— , 

where T min is a minimal singular current in the class C\(D). 

Proof. |ELMNP] Theorem 2.13] assures the following equality under the assumption. 

, m , .. h\V,Q{kD)®J(\\kD\\)\ v ) 
vol xlv (D) = hmsup ^ 

To prove Proposition 14.41 we compare the multiplier ideal sheaf X(/cT m i n ) with the 
asymptotic multiplier ideal sheaf J7"(||A;.D||). By the definition of a minimal singular 
current, we obtain I(kT min ) D J7"(||A;D||) for all positive integer k. Hence we obtain 
the inequality < in Proposition 14.41 To prove the converse inequality we show the 
following Lemma. 

Lemma 4.5. There is an effective divisor E (independent of k) which satisfies the 
following properties: 

(i) Supp(-E) does not contain V. 
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(ii) l{kT min ) ■ O x {-E) C J{\\kD\\) for all k sufficiently large. 

Proof. This proof is essentially based on the argument in |DEL00] . Fix a very 
ample divisor A. For an arbitrary point x G X, there exists a zero dimensional 
complete intersection P x of the linear system | A | containing x. The Ohsawa- 
Takegoshi-Manivel L 2 -extension theorem shows for every divisor F with a singular 
hermitian metric h with the nonnegative curvature T^, there exists an ample divisor 
B (B depends only A) and the following restriction map is surjective (see |UT87j . 
|Man93j ). 

H°(X,O x (F + B) ®J(T h ))— )■ H (P x ,O Px (F + B) ® Z(T„ | P J) 

Moreover the Ohsawa-Takegoshi-Manivel L 2 -extension claims that for every section 
on P x , the extension is satisfied an L 2 -estimate with a constant independent of F . 
Now since the dimension of P x is zero, the L 2 -estimate does not depend on P x . 
That is, L 2 -estimate of the extension of a section on P x depend only on B. Since B 
depends only A, the L 2 -estimate of the extension of a section on P x depend only on 
A. 

Since D is big and V is not contained in the augmented base locus of D, we can 
take E G \k D — B\ with the property (i) by choosing a sufficiently large k . We 
apply the Ohsawa-Takegoshi-Manivel L 2 -extension theorem to Fj, := (k — ko)D + E 
equipped with the singular hermitian metric h^~ ° ®He. Here h m i n is a minimal 
singular hermitian metric and He is a singular hermitian metric defined by the 
standard section of the effective divisor E. Then for a sufficiently large k and a 
point x G X, we obtain the global section s x of F^ + B =\ in kD satisfied the 
following estimates: 

where C is a constant depending only A and /i_b is a smooth hermitian metric of 
B with the positive curvature. From the second equality, we infer the following 
equality: 

where Win, ¥>e, Vb is the weight of the hermitian metric h min ,h E ,h B respectively. 
Since tp B is a smooth function and X is compact, we obtain 

1 1 

^min + , _ i <-PE < T—T lo g \ S x(x)\ + C. 

The evaluation map H°(X,Ox(kD)) — > C is a bounded operator on the Hilbert 
space H°(X,Ox(kD)) with L 2 -norm. Moreover the operation norm equals to the 
Bergman kernel log ^\- \fj\, where {fj} is the orthonormal basis of H°(X, OxikD)). 
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Therefore we get 

^ lDgk(x) | +C <_^, Dg £|j i | + C 

This inequality implies that the function ^-^- log V . \fj\ has less singularities than 
V^min + ^Tfc-^-E- Considering the definition of the asymptotic multiplier ideal sheaf, 
we get the property (ii). □ 

We complete the proof of Proposition 14.41 by using Lemma H~5l From the property 
(i) in the previous Lemma, we can consider the following short exact sequence: 

— ->■ O v {kD - £) — ► O v {kD) — ► VnE (D) — >• 

Since the dimension of the intersection V fl E is smaller than dim V = d, we have 

dim H°(V HE, VnE (kD)) 
hmsup = 0. 

fc— >oo fc / d\ 

Hence we obtain the following inequality by twisting the restriction to V of the 
multiplier ideal sheaf Z(fcT min ). 

dim H°(V,O v (kD)®l(kT min )\ v ) dim H°(V,G v (kD - E) ®X(T min )| y ) 

I T2 P W^ * I TS P W^ 

Since we chose the effective divisor 22 satisfied the property (ii) of the previous 
Lemma, we obtain 

dim H°(V,O v (kD-E)®l(kT mhl )\ v ) , dimf2°(V, CV(fc£>) ® ,7(||fc.D||)|y) 

lim sup U7J\ — lim sup uTa\ 

fc— >oo rC /a! k^roo & I d\ 

These inequalities assure 

dim J ff°(V;O v (A;£>)®X(A;r iIlin )| v ) 
vo\ m {D) > hmsup — . 

The proof of Proposition 14.41 is finished. □ 

4.2. Properties of restricted volumes. Theorem 11.21 implies that the definition 
of restricted volumes can be extended to a big class on a compact Kahler manifold 
(see Definition II. 3p . Let M be a compact Kahler manifold, V C M a irreducible 
subvariety of dimension d and a a big class in H 1}1 (M, K) in this section. In this 
subsection, we study the properties of the restricted volumes of a class on compact 
Kahler manifold. . 

Proposition 4.6. Assume a is a nef class and V is not contained in the non Kahler 
locus E n K{o). Then the restricted volume volM|y(a) is computed by the intersection 
number (a d ■ V). That is, the equality vol M |y(«) = (a d ■ V) holds. 

Proof. When V is non-singular, this proposition is proved by using the similar ar- 
gument with |Bou02l Theorem 4.1]. The case when V has singularities is reduced 
to the non-singular case by same the argument in Lemma I4.2[ □ 
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Proposition 14.71 is generalization of Lemma 13.11 to a class on a compact Kahler 
manifold. Moreover the proof gives another proof of Lemma [3. II Let a = P + {N} 
be the divisorial Zariski decomposition of a. 

Proposition 4.7. Assume that V is not contained in the non-Kahler locus E n x{oi). 
Then V is not contained in E u k(P) and the equality volM\v( a ) — vo1m|v(-P) holds. 

Proof. This proposition is based on the following fact. Positive currents in a and 
positive currents in P are identified by the following correspondence. 

a — y P 

T i — >T-[N] 

Note T— [N] is a Kahler current if T is a Kahler current in a. In fact if T > 5u holds, 
T— 5u — [E] is a positive current by considering the Siu decomposition for the positive 
current T — 5u. Here E is an effective divisor defined by E := ^2 D v{T — Su, D)D. 
Since a; is a smooth form, we get v(T — 8u, D) = v{T^ D). Since E — N is an effective 
divisor, T — [N] > 5u holds. 

First of all we show the following Lemma to prove that V is not contained in 
E nK {P). 

Lemma 4.8. The equality E nK (a) = E nK (P) holds. 

Proof. Note Supp(iV) is clearly contained in E n K{oi) from the definition. For a point 
x $. E n K{ot), we can take a Kahler current T in a with analytic singularities such 
that T is smooth at x. Then T — [N] is a Kahler current in P. Since x is not 
contained in Supp(iV), the Kahler current T — [N] is smooth at x. So x $■ E nK (P) 
holds. 

Conversely for a point x SjL E n K{P), we take a Kahler current S such that S is 
smooth on x . We can assume that S > u. We prove that x is not contained in 
Supp(iV). To prove this, we consider the surjective map: 

{smooth real ^-closed (1, l)-form} — ► ^(MjR), 6 m- {6}. 

We regard the space of smooth real (i-closed (1, l)-forms as topological space with 
Frechet topology. For a smooth (n— 1, n— l)-form 7, the integral j M Q\. A 7 converges 
to f M 9 A 7 if 6 k — y 6 in Frecht topology. Hence the above map 6 1 — y {6} is 
continuous by Serre duality . From open mapping theorem the map is a open map. 
Since the map is open, for a positive number e we can take a sufficietly small 5 > 
such that the Chern class Sc\(N) contains a smooth form rj with —eu < rj < eu. So 
S + r] + (1 — 5) [N] is a positive current in the class a and the Lelong number equals to 
z/((l — 8)[N],x) since S is smooth at x. If u([N],x) is positive, it is contradiction to 
minimality of N. So x is not contained in Supp(iV). This implies that the positive 
current S+ [N] lies in a and is smooth at x. Hence x is not contained in E n K{ot). □ 

By this lemma we can define the restricted volume of P. Note that Supp([-E]|y rog ) 
is contained in E fl V. This assures Lemma 14.91 The Lemma 14.91 implies the 
exceptional divisor part [N] does not effect the integration on V. 
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Lemma 4.9. ([£]| Keg ) ac = 

Lemma&hows J Vi JT\ Vi J( c = J v jT\ Vicg - [E}\ Vi J( c . Therefore Theorem^ 
is proved by correspondence between positive currents in a and in P. □ 

The following Proposition says that Fujita's approximation theorem for the re- 
stricted volume holds for a class a. This implies the continuity of a restricted 
volume. 

Theorem 4.10. The restricted volume of the class a along V can be approximated by 
intersection numbers of semi-positive classes. That is, the following equality holds. 

vo\ M \v(D)= sup {{B} d -V) 

n*T=B+[E] 

, where the supremum is taken over all resolution it : M — > M of the positive 
current T e a with analytic singularities such that n is an isomorphism at a generic 
point ofV and V % Supp(-E'). (Here V denotes the proper transformation ofV.) 

Remark 4.11. By subtracting a class of exceptional divisors from semi-positive class 
{B}, we can assume that {B} ranges among Kahler classes. 

Proof. Let T be a positive current with analytic singularities in the class a whose 
polar set is not contained V. Then We take the modification ji such that H*(T) = 
(B + [E]). (We can assume that the map is an isomorphism for generic point on V.) 
By Lemma 14.21 and Lemma 14.91 we obtain 

yl 
I ac 



/ (T\ Vi JL = f WT\y 

Jv vcs Jv 

[A(B+[E])\yt 
v 

fB d ac ={{B} d .V). 
Jv 



Therefore we get vo1m|v(o0 = sup({5} d ■ V) from the definition of a restricted 
volume of the class a along V. □ 

To show the continuity of a restricted volume, we consider the domain of a re- 
stricted volume for a subvariety V. Moreover we prove the convexity of the domain 
and concavity of restricted volumes. 

Definition 4.12. For a subvariety V, the domain of a restricted volume is defined 
to be Big^M) := {/3 G tf^M.R) | V 1 E nK ((3)}. 

Proposition 4.13. (1) Big y (M) is a open convex domain in H 1 ' 1 (M,~R) 
(2) For /?i,/3 2 e Big y (M), the following inequality holds. 

vo1 M |k(/3i + /3 2 ) 1/d > vol M |K(/3i) 1/d + vol M |y(/3 2 ) 1/d 
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Proof. (1): The concavity is directly followed from E nK ((3+(3 ) C E nK ((3 ) [J E nK (/3) 
and E nK ((3) = E nK {k(5) for k > 0. For given a class (3, we can prove E nK ((3 ) C 
E n K{/3) for every class (5 in a suitable open neighborhood of /3 by using the argument 
in Lemma [4.81 This assures the domain is open. 

(2) Boucksom shows the log concavity for the volume of a transcendental class 
in [Bou02] . Hence Proposition 14.61 shows a restricted volume has log concavity for 
nef classes. We can reduct to the case of nef classes by using the Proposition 14.101 

□ 

Corollary 4.14. The following map is continuous. 

vol M |v :Big^(M) ^R 

(3 i — >vol M \v{P) 

Proof. It is well-known fact that a concave function on an open convex set R is 
continuous. Therefore Corollary followed from Proposition 14.131 □ 

4.3. Another proof of Theorem 11.11 In this subsection we prove Theorem 11.41 
by using the expression of a restricted volume with current integration. This proof 
gives another proof of Theorem 11.11 Let a G H 1,1 (X, M) be a big class on X and 
a = P + {N} be the divisorial Zariski decomposition. Note E n K{a) = E u k{P) holds 
by Lemma 14.81 Hence we can consider the restricted volume of P along V. 



Proof of Theorem 1.4 ) The principle of the proof is essentially one of Theorem 
11.11 By Proposition 14. 71 we get vo\ x \v( a ) = vo\ x \v(P) for an irreducible subvariety 
V with V ^ E nK (a). Moreover Proposition 14.61 claim that vol x \v{P) = {V • P d ) 
holds when P is nef. Hence the restricted volume are unchangeable for cohomolo- 
gous subvarieties which is not contained the non-Kahler locus if a admits a Zariski 
decomposition. 

We prove the converse direction. Assume the non-nef locus E nn (P) is not empty. 
Fix a very ample divisor A on X. We take smooth curves C and C with the 
following properties: 

(1) C does not intersect with the non-nef locus E nn (P). 

(2) C and C are not contained in the non-Kahler locus E n K{ct). 

(3) C intersects with the non-nef locus E nn (P) at Xq € X. 

(4) C and C are the complete intersections of the linear system of A. 
Then we lead the contradictions by proving the following lemma. 

Lemma 4.15. (A) vol x|c <(a) = (C' • P)( = (C ■ P)) 
(B) vo\ xlc (a) < (C ■ P) 

Before the proof of Lemma 4.15, we prove Lemma 4.16. Lemma 4.16 assures that 
the restricted volume is computed by the Lelong number. 
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Lemma 4.16. Let S be a positive current with analytic singularities on a smooth 
curve C . Then the Siu decomposition coincide with the Lebesgue decomposition of 
S. That is, S ac = S — \^ U (S, x)[x] holds. 

xec 

Proof. A current S is locally expressed by S = - log ( J2i=i \fi\ ) + $> where 9 is a 

smooth (1, l)-form and f\ is a holomorphic function. We take the maximal effective 
divisor D with div(/j) > D > for alH = 1,2, ... ,N and the holomorphic function g 
with div(g) = D. We denote by $ a holomorphic function defined by gi = fi/g. Note 

I I 2 

^dd c \og \g\ = [cD] by Poincare-Lelong formula. Hence the following decomposition 
is the Siu decomposition. 

N 

S={^og(J2M 2 )+e} + ^og\g\ 2 
t=i 

Since gi does not have common zero point, log(5^j = i \9i\ ) ls smooth. The abso- 
lutely continuous part of [cD] is zero. Hence the decomposition is the Lebesgue 
decomposition. □ 

By using Lemma 4.16, we prove (B) in Lemma 4.15. By the expressions of a 
restricted volume with current integration and Theorem 14. 71 we obtain 



V0l X |c(a) = Volx|c(-P) = SUp / (T| C )ac 

T£PJC 



We take a positive current T with analytic singularities in the class P and whose 
singular locus does not contain C. T\c is a positive current with analytic singularities 
on C. By Lemma 4.16 we obtain (T|c)ac = T\ c — J2 x£C v(T\ c ,x)[x}. Note that the 
restriction T\c lies in P\c- This implies that 



[T\ c = deg c (P\ c ) = (C-P). 
Jc 



In fact T\c is expressed T\ c = 0\c + dd c ip\c, where 9 is a smooth (1, l)-form in P 
and (p is a L 1 -function on X. Hence we obtain 



T\ c = (C-P)+ dd c <p\ c . 
c Jc 

By applying the approximation theorem (Theorem 2.2) to tp\c, we get smooth func- 
tions ifk on C such that dd c <pk converges to dd c (p\c weakly. So f c dd c ipk converges to 
f c dd c ip\c- Here J c dd c (pk equals to zero by smoothness of <pk and Stokes's theorem. 
Hence we have 

vo\ X \c(a) = sup {{C-P) - y2u(T\ c ,x)} 

= {C-P)-MTr,v(T\o,z). 

xec 
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The Lelong number of the restriction of a current is more than that of the cur- 
rent. Moreover v(T min ,x) < u(T,x) holds from the definition of a minimal singular 
current. Therefore we obtain 



vol X |c(a) <{C-P)- J2 v(T t 



, x) 

xec 



The curve C intersects with the non-nef locus E nn (P) at xq from the property (3). 
Hence z/(T min ,x ) is positive. This implies vo\x\c( a ) < (C-P) — z/(T min , x ) < (C-P). 
Therefore Lemma (B) holds. 

We prove (A). By the first half argument we get vol x , c >(a) < (C ■ P). To show 
the converse inequality we take a Kahler current S G a with analytic singularities. 
So We can assume S > u, where w is a Kahler form on X. By applying the 
approximation Theorem (Theorem 2.3) to a minimal singular current T m j n in P, We 
get positive currents T k with analytic singularities with the following properties, 
(b') T k > —EkU and e k converges to zero. 

(c') The Lelong number v{T k ,x) increase to ^(T min , x) for every point i6l. 
For every positive number 6, there is a k(5) such that (1 — S)T k rg) + SS is a. positive 
current. Since the current has an analytic singularities, the inequality 



vol x|c ,(«)> / (((1-^ + ^y, 
Jc' 



holds for every 5 > by the definition of restricted volumes. The Lelong number of 
Tk is zero for every point on C by the property (3), (b). This shows T& is smooth 
on C . So we obtain 

vol xlc/ (a)>(l-S)(C'.P)-8 [ (S^) 

Jc' 

holds for every 5. When 5 converges to zero, we get vo\ x i c >(a) > (C • P). 

5. Asymptotic estimates on higher cohomology 

5.1. Kawamata-Viehweg type vanishing. The purpose of this section is to prove 
the asymptotic estimates of higher cohomology of ID. We recall the definition. Let 
k be an integer k — 0, 1, 2, . . . , n — 1. 

Definition 5.1. A divisor D is said to be nef in codimension k if the codimension 
of the restricted base locus M_(D) is greater than k. 

Remark 5.2. D is nef in codimension if and only if the Chern class is a pseude- 
effective class. D is nef in codimension n — 1 if and only if the Chern class is a nef 
class. 

Theorem 11.61 is the accurization of the simplest version of Kawamata-Viehweg 
vanishing theorem. Lemma 15.31 is usefully worked in the proof of Theorem 11.61 and 
Corollary 11.81 First of all we prove Lemma 15.31 
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Lemma 5.3. Assume that D is nef in codimension k and k is smaller than (n — 1). 

Fix a very ample divisor A on X . Then a very general hyperplane H £ \A\ satisfies 

the following properties. 

(i) H fl X is a smooth projective variety of dimension (n — 1). 

(ii) The restriction D\h is nef in codimension k on H fl X . 

Proof. Since D is nef in codimension k, for an arbitrary number e > 0, we can 
take a positive current T £ in the class ci(D) with the following properties by the 
approximation theorem (Theorem 2.3). 

(1) T £ has analytic singularities. 

(2) The codimension of the singular locus of T £ is greater than k. 

(3) T £ > — ecu holds, where u is a Kahler form on X. 
Now we define a countable union of closed analytic sets by 



Q-= U U E c(Te 



Q3e>0<Q9c>0 

Here E C (T £ ) is a Lelong number upper level set, which is defined by {x £ X\v(T £ , x) > 
c}. A theorem of |Siu74] asserts this is a closed analytic set. 

Lemma 5.4. For a very general hyperplane H £ \A\, H does not contain analytic 
set with the codimension (k + 1) in Q and H fl X is smooth and irreducible. 

Proof. Let {C;}j e / be a family of analytic sets with codimension (k + 1) in Q. 
For each i £ i, we define Qi by Qi := {if £ \A\ | Q C if}. Then Qi is a 
(proper) analytic set in \A\ for each i. Note i is a countable set. Every hyperplane 
H £ \A\ — {J i€l Qi does not contained an analytic set with the codimension (k + 1) 
in Q. Moreover Bertini's Theorem shows that H fl X is smooth and irreducible for 
a general member \A\. Lemma 5.4 is concluded. □ 

For a very general hyperplane H £ \A\, T £ \ H £ Ci (£?!#) and T £ \ H > — eu\n holds. 
w\h is a Kahler form on a smooth projective variety X fl ii. Hence following lemma 
concludes Lemma [5.31 

Lemma 5.5. The codimension in X fl H of the singular locus ofT £ \n greater than 
k. 

Let C be an analytic set with codimension £ = 0,1,2, . . . ,k on X C\ H. Then C 
is the analytic set with codimension £ + 1 on X. When £ + 1 is smaller than k + 1, 
v(T £ , C) = for every positive number e by the choice of T £ . When £ + 1 equals to 
k + 1, v{T £ , C) = by the choice of H . Since T e has analytic singularities, the Lelong 
number is zero if and only if T £ has smooth at x £ X. This shows that the singular 
locus of T s \jj does not contain an analytic set C with codimension £ = 0,1,2, ... ,k 
on X fl ii. Hence Lemma 15.31 holds. □ 

We prove Theorem 11.61 by using Lemma 15.31 The principle of the proof is to 
reduct to the ordinary Kawamata-Viehweg vanishing theorem by using Lemma 15.31 
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and the induction on dimX = n. 

Proof of Theorem \1.6[ ) When n is one, bigness of D implies that D is ample. In this 
case, Theorem 11.61 follows from Kodaira vanishing theorem. Hence we can assume 
that n is greater than one. If k is (n— 1), D is nef. Then Theorem 11.61 follows from 
the ordinary Kawamata-Viehweg vanishing theorem. Therefore we can assume that 
k is smaller than (n — 1). It is sufficient to show H P (X, Ox{—D)) = (0 < p < k) 
by Serre duality. We obtain the following short exact sequence for a hyperplane 
H G \A\ with the properties in Lemma [5.31 

► Ox(-D-A) ► Ox(-D) ► Oh(-D) ► 

We consider the long exact sequence induced by the above exact sequence. By 
choosing A sufficiently positive, we can assume that A + D is ample on X. Then 
Serre duality and Kodaira vanishing theorem show that H e (X,Ox(—D — A)) = 
0, (0 < £ < n — 1) . D\h is nef in codimension k on X fl H by the choice of 
H. Therefore H p (H,O h {-D)) =0 (0 < p < k) holds by the hypothesis of the 
induction. These show that H*{X, O x (-D)) = (0 < p < k). 

D 

Proof of Corollary \1.8[ ) Corollary 11.81 is also proved with the induction on dimX = 
n. When n is one, pseudo-effective line bundle is nef. When the degree of D is 
positive, Kodaira vanishing theorem shows that H 1 (X,Ox{M + ID)) = for a 
sufficietly large £. When the degree of D is zero, Riemann-Roch formula shows 
dimH\X, O x {M + ID)) = 0(1). 

We consider when the dimension of X is greater than one. By choosing a sufficietly 
positive line bundle A, we can assume that Ox (M + CD — Kx + A) is big for all 
£, since D is pseudo-effective. Moreover we can take a member H of \A\ such that 
D\h is nef in codimension k on X fl H by Lemma \5. 31 Then we obtain the following 
short exact sequence. 

► O x (M + £D) ► O x (M + £D + A) > O h (M + £D + A) ► 

We consider the long exact sequence induced by the above short exact sequence. 

Note that (E + £D — Kx + A) is big and nef in codimension k for all £ > . So 
Theorem 11.61 shows H q (X, Ox(E + £D + A)) = for q > n — k. Therefore we obtain 
from the long exact sequence 

h q (X,O x {E + £D)) =h q ' 1 (H,0 H {O x {E + £D + A)) for q>n-k + l 

and h n ~ k (X,O x {E + £D) <h n ~ k ' 1 {H,0 H {O x {E + £D + A)). 

By hypothesis of induction we have 

h q -\H, O h {O x {E + £D + A)) = O^- 1 )-^ 1 )) = 0{£ n - q ) for q > n - k + 1 
and h n - k -\H, Oh{O x {E + £D + A)) = o(^(n-i)-(»-fc-i)) = <j{£ k ) 
Therefore Corollary 11.81 holds. 



RESTRICTED VOLUMES AND DIVISORIAL ZARISKI DECOMPOSITIONS 23 

□ 

REFERENCES 

[Bon93] Bonavero L. Inegalites de Morse holomorphes singulieres. C. R. Acad. Sci. Serie I 317 

(1993), 1163-1166. 
[Bou02] Boucksom S. On the volume of a line bundle. Intern. J. Math. 13 (2002), no. 10, 1043- 

1063. 
[Bou04] Boucksom S. Divisorial Zariski decompositions on compact complex manifolds. Ann. Sci. 

Ecole Norm. Sup. (4) 37 (2004), no. 1, 45-76. 
[BFJ09] Boucksom S. Favre C. Jonsson M. Differentiability of volumes of divisors and a problem 

of Teissier. J. Algebraic Geom. 18 (2009), no. 2, 279-308. 
[BEGZ] Boucksom S. Eyssidieux P. Guedj V. Zeriahi A. Monge- Ampere equations in big cohomol- 

ogy classes. arXiv:0812.3674 
[BDPP] Boucksom S. Dcmailly J P. Paun M. Peternell T. The pseudo- effective cone of a compact 



Kahler manifold and varieties of negative Kodaira dimension. arXiv:math/0405285 
[DEL00] Dcmailly J P. Ein L. Lazarsfeld R. A subadditivity property of multiplier ideals. Michigan 

Math. J. 48 (2000), 137-156. 
[Dem82] Demailly J P. Estimations L 2 pour I'operateur d d'un fibre vectoriel holomorphe semi- 

positif au-dessus d'une variete kahlerienne complete. Ann. Sci. Ecole Norm. Sup. (4) 15 (1982), 

no. 3, 457-511. 
[Dem92] Demailly J P. Regularization of closed positive currents and intersection theory. J. Alge- 
braic Geom. 1 (1992), no. 3, 361-409. 
[Dem] Demailly J P. Analytic methods in algebraic geometry. Lecture Notes, Ecole d'ee de Math- 

matiques de Grenoble " Geometrie des varietes projectives complexes : programme du modele 

minimal" (June- July 2007). 
[ELMNP] Ein L. Lazarsfeld R. Mustafa M. Nakamaye M. and Popa M. Restricted volumes and 

base loci of linear series. Amer.J.Math. 131 (2009), no. 3, 607-651. 
[ELMNP2] Ein L. Lazarsfeld R. Mustafa M. Nakamaye M. Popa M. Asymptotic invariants of base 

loci. Ann. Inst. Fourier (Grenoble) 56 (2006), no. 6, 1701-1734. 
[ELMNP3] Ein L. Lazarsfeld R. Mustafa M. Nakamaye M. Popa M. Asymptotic invariants of line 

bundles. Pure Appl. Math. Q.l (2005), no. 2, part 1, 379-403. 
[FKL07] de Fernex T. Kuronya A. Lazarsfeld R. Higher cohomology of divisors on a projective 

variety. Math. Ann. 337 (2007), no. 2, 443-455. 
[Ka82] Kawamata Y. A generalization of Kodaira Ramanujam 's vanishing theorem. Math. Ann. 

261 (1982), no. 1, 43-46. 
[Ku06] Kuronya A. Asymptotic cohomological functions on projective varieties. Amer. J. Math. 

128 (2006), no. 6, 1475-1519. 
[La04] Lazarsfeld R. Positivity in Algebraic Geometry I-II. Ergebnisse der Mathematik und ihrer 

Grenzgebiete, Vols. 48-49., Springer Verlag, Berlin, 2004. 
[Man93] Manivel L. Un theoreme de prolongement L 2 de sections holomorphes d'un fibre vectoriel. 

Math. Zeitschrift 212 (1993) 107-122. 
[Nak] Nakayama N. Zariski- decomposition and abundance. MSJ Memoirs, 14. Mathematical Soci- 
ety of Japan, Tokyo, 2004. xiv+277 pp. ISBN: 4-931469-31-0. 
[OT87] Ohsawa T. Takegoshi K. On the extension of L 2 holomorphic functions. Math. Z. 195 

(1987), no. 2, 197-204. 
[Siu74] Siu Y T. Analyticity of sets associated to Lelong numbers and the extension of closed 

positive currents Invent. Math. 27(1974), 53-156. 
[Ta06] Takayama S. Pluricanonical systems on algebraic varieties of general type. Invent. Math. 

165 (2006), no. 3, 551-587. 



24 SHIN-ICHI MATSUMURA 

[Tsu07] Tsuji H. Pluricanonical systems of projective varieties of general type. II. Osaka J. Math. 

44 (2007), no. 3, 723-764. 
[Vie82] Viehweg E. Vanishing theorems. J. Reine Angew. Math. 335 (1982), 1-8. 
[Zha09] Zhang J. Bertini Type Theorems. larXiv:0910.4TD5 vl. 

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, 
Tokyo, 153-8914, Japan. 

E-mail address: shinichi@ms.u-tokyo.ac.jp 



